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Practical stu

@ Slides from exercise classes

o External presenters?

Lars Jul Overby (D of Economics - UoC) 09/10 2/21



Risk and Return

The key objective when choosing to invest in financial assets is

@ to maximize the expected return of the investment for a given level of
risk

@ to minimize the amount of risk of the investment for a given expected
return

In order to achieve these objectives we need to

@ compute the expected return of an investment

@ quantify the risk of the investment
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Harry Markowitz

The basis of modern portfolio theory is Harry Markowitz' mean-variance
optimization theory?

The theory assumes that individuals
@ minimize the return variance of an investment for any given level of
expected return

e i.e. risk is quantified as the return variance (dispersion of return
outcomes) of the investment

To work with this theory, we first need to look at some mathematics of
portfolios

IMarkowitz, Harry, 1952; " Portfolio Selection”, Journal of Finance 7, 77-99.
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R = Pi1+Di1—Pio

Pio ~ i

@ Return on asset /:

s
o Expected return of asset it E (F;) = Y. qs* fjs ~ F;
s=1

where gs is the probability of scenario s and 7; s is the return on asset i is
scenario s occurs.

o Expected value of a constant times a return: E (xr;) = xE (7;)

@ Return varie;_nce of asset I:
var(7) = L ;% [(Ris — E(R))?] = E [~ 7:)?] = oF
s=
@ Variance of constant times a return: var (x7;) = x?var (7;)

e Standard deviation: ¢ (x7;) = xo (7;)
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Expected return and variance of asset i

State T gs

A 0.01 0.25
B 0.04 0.50
C 0.08 0.25
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Portfolio returns

value of holding of asset j

e Portfolio WeightS: Xj = “Yotal value of portfolio
N
@ Portfolio returns: Rp =x1A+ X+ .. +xyin = Y Xt
i=1
@ Expected value of the sum or difference of two returns:
E(ri+7)=E(r)+E(r)and E(ri—7) = E (i) — E(7))
@ Expected return of 2 asset portfolio:
E (Ro) = E (i 1 547) = xiE () + E (7)
@ Expected return of N asset portfolio: E ( > Z XiT;
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Portfolio returns

State gs n 2 I

A 0.25 0.01 0.10 0.01

B 0.50 0.04 0.03 0.06

C 0.25 0.08 0.07 0.09
E(7) 0.0425  0.0575  0.055

var (¥;) 0.000619 0.000869 0.000825
std.dev. 0.0249 0.0295 0.0287

X; 0.30 0.45 0.25

Two ways to compute expected portfolio return

@ Compute portfolio returns in each state and take expectation

@ Compute weighted average of expected asset returns
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Covariances and correlations

e Covariance of two returns: 0j; = E [(fi — ;) (r; — 7;)] = cov(7;,T})

o Correlation between two returns: p (7;,7;) = CO‘;E;"J,’G) = pjj
If pjj = 1, return j and j are perfectly correlated.
If pjj = —1, return i and j are perfectly negatively correlated.
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Variance of a 2-asset portfolio

var (xiFi + xjF) =

E{ [xi + 5% — (i + 7)) }
2
E{bxi (7 =)+ (5 -7}
E P (5= 70) 4 f (5 = 73)" o 20 (7= 70) (5 = 7)
L2 ~ o2
X(E [(fi— ri) } +x°E [(fj—fj) }
+2xixE (1 = 7i) (77 = 7))]
x-2var(7,-) + x-2var (7)) + 2xixjcov (Fi, ;)
X207 +x2(72+2x,xJU,J

x 0’ + x2(72 + 2XiXj0i0;0;

Given positive portfolio weights on two assets, the lower the correlation
between returns, the lower the variance of the portfolio.
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Variance-covariance-correlation matrix?

Asset 1 2 3

1 0.000619 —0.00019 0.000688
2 —0.264  0.000869 —0.00044
3 0.962 —0.517 0.000825

2Variance on diagonal, covariances above diagonal, correlations below
diagonal.
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Variance of an N-asset portfolio

N N N
var Zx,-?,-) = ZZX,’XJ'(T,'J'
i—1 i=1j=1

N N

= L ) 00

i=1j=1
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Markowitz' mean-variance optimization

@ We now have the tools to compute portfolio returns and variances.

o Markowitz said, that the only thing investors care about is the
relation between these two.

@ Investors wish to achieve the highest possible expected return for a
given level of return variance.
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Two asset portfolio

E(R)) = xiE(7)+xE (7)
0p = X7 X707 + 2xixip;0i0]

Assume we have a risk-free asset and a risky asset.

E(NRP) = Xfrf—|—XjE(7j)
2 =

x?*0+><j20j2+2x,cxj>|<0>|<0*aj:xj2(7j2
op = x05 if x; >0
op = —xjoj if x; <0
- E(7) —
E(R) = e B =r e s
j
. E (7)) —
E(Rp> _ Bl e <o
j
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Two risky assets

Two perfectly negatively correlated assets: p = —1
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x1E (71) + xE (72)

X} % 0%+ X305 + 2x1x0 % (—1) * 07 % 02

2
(X1171 - X2(72)
X101 — X202 if X101 — X202 2 0

—x101 + X009 if x101 — x009 < 0
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Two risky assets

if X101 — Xo0p > 0

(1 —Xz) 01— Xo02 = 01 — X2 ((72 —|—0’1) =
—0p 4 (%]
op+01 0x+01

7, (%1 ~
1+ —F - E
( 0 + 01 (72+t71> (R)
— 1% _
+ ( 24 2 ) E (%)

or+01  0r+ 07
~ ~ ~ (%] E (7:2) —E (?1)
E E —E — 1y
() +(E(72) = E(R) - = — g0
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Two risky assets

if xy01 — x005 < 0

o, = (X2—1)(71 + X000 = —071 + X0 ((72—|-0'1) =
« - Op + (%]
T op+01 0x+01
~ J, (%1 ~
E(Ro) = (1-—2—- E
P ( o2+ 01 (72+t71> (1)

(%] + E (72) — E (71)

= E(h)+(E(R)—E(n)) 0y + 01 02+ 01

Op
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Two risky assets

100% in stock 2

100% in stock 1 Standard
Deviation
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Four risky assets

Mean

return

Efficient frontier
of risky stocks \

JStock 1
.Stock 3

Stock 2
°

Minimum
variance
portfolio

*Stock 4

Standard
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Minimum variance portfolio (without a risk-free asset)

@ The portfolio of a group of stocks that minimizes return variance is
the portfolio with a return that has an equal covariance with every
stock return.

3See proof in section 4.8.
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Finding the Minimum Variance Portfolio with N stocks

1) Construct N equations consisting of the covariance of the N stocks’
return with the MV-Portfolio (containing N unknown weights)

N
cov (rl, Rp> = cov (71, Z W,-?,-) =k
i=1

N
cov (7/\/, Z W;?,') = k
i=1

Wi

2) Rescale the weights so that they sum to 1 x; = S
See examples in section 4.9
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